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RATES OF MIXING FOR POTENTIALS
OF SUMMABLE VARIATION

MARK POLLICOTT

ABSTRACT. It is well known that for subshifts of finite type and equilibrium
measures associated to Holder potentials we have exponential decay of corre-
lations. In this article we derive explicit rates of mixing for equilibrium states
associated to more general potentials.

0. INTRODUCTION

In this paper we shall consider the rate of mixing of subshifts of finite type with
respect to equilibrium states for potentials of summable variation.

Let 0 : X4 — X4 denote a transitive two-sided subshift of finite type and let
g : X4 — R be a function of summable variation. Thus there exists a unique
equilibrium state p for g [7]. Assume that f : X4 — R is Holder, then we will
study the behaviour as N — 400 of the correlation function

p(V)i= [ oo™ fau- </fdu>2-

It is a well known result that if the nth variation var,(g) tends to zero exponentially
fast, then p(IN) tends to zero exponentially fast [1] (i.e., if there exists 0 < 8 < 1
and C > 0 such that var,(g) < CB™, n > 0, then there exists 0 < 6 <1 and D >0
such that [p(N)| < DON, N > 0).

In this paper we shall consider the rate at which p(N) tends to zero when var,, (g)
tends to zero at a sub-exponential rate. To help our exposition we shall concentrate
on a number of particular cases.

Our first main result is the following.

Theorem 1. Let o : X4 — X4 denote a transitive two-sided subshift of finite type.
(1) Polynomially decay: If Ir > 2, 3C > 0 such that var,(g) < C(#), then
(V)| = O (557 for any e = 0.
(2) Intermediate decay: If 30 < § < 1, 3C > 0, Iy > 1 such that var,(g) <
C(B1s™™), then 3D > 0, 30 < 6 < 1 such that |p(N)| = D (H(IOg N)%e) for
any € > 0.
(3) Stretched exponential decay: If 30 < 6 < 1, 3C > 0 such that var,(g) <

0(9”1/2), then 3D > 0, 30 < 8 < 1 such that |p(N)| = D (ﬁNl/s) for any
e > 0.
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In the case that var,(g) tends to zero exponentially fast it is possible to show
that an associated Ruelle-Perron-Frobenius transfer operator has a spectral gap
when acting on the Banach space of Holder functions [1]. This is the usual proof
of exponential mixing in this context. In this more general setting we shall use a
different approach motivated by a method of Chernov [2] and Liverani [6], for a
somewhat different problem. Related results have been obtained independently by
Kondah et al. [4] and Fisher and Lopes [9].

Let us consider two simple examples where such conditions arise.

Example 1. Let X = [[™ _{0,1} denote the shift space associated to a full shift
on two symbols. We can denote, for each k > 1, the subset

0F1]:={zeX:2,=0,0<i<k—1, and 2}, = 1}

(which is both an open and a closed set). Consider a monotone decreasing sequence
of real numbers a,, — 0 and define a continuous map ¢g : X — R by

ap  if x € [0F1],
g(x) =<0 if x =(0,0,0,...),
0 otherwise.

It is easy to see that var,(g) = a,. Thus, by varying the choice of sequence {c,}
we can arrange the different hypotheses on var,(g) in the theorem. For example,
if we take o, = %, then the hypothesis of part (1) of Theorem 1 is satisfied.

Example 2. Consider a C* transitive Anosov diffeomorphism 7' : M — M on
a compact manifold M. One can associate to this diffeomorphism a subshift of
finite type o : X4 — X4 and a continuous map 7 : X4 — M such that 7o = T'x.
Moreover, m : X4 — M is Holder continuous with respect to the metric d(z,y) =
m, where N(z,y) =sup{N >0: z; =y;,i=0,... ,N}.

If G: M — R is a continuous function such that

C
|G(z) — G(y)| < Tog dn (@, )P

for some C, 8 > 0, where d); is a Riemannian metric on M, then it is easy to see
that var(G o) < Cp () and, in particular, there is a unique equilibrium state v
for G. Moreover, 7, (u) = v, where p is an equilibrium state on X 4 for G o 7.

For 8 > 2 we can apply part 1 of the theorem to see that for any Holder function
F: M — R we have

/FoTNqu— (/qu):()(#).

By way of demonstrating the usefulness of estimates on the rate of mixing we
consider the following two results which are consequences of Theorem 1.

Theorem 2 (Central limit theorem). Assume that var,(9)=0(=%) and f : X4 —
R is a Hélder continuous function. If u is the equilibrium state for g, then the limit

n—1 2
1
2 li _ L /d
p-= lm - E foo' —n [ fdu

=0
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exists and

t 2
1/2 x
ngrfwu{ E fod —n/fdu<tn/} (2ﬁ)1/2/ooexp<—2—p2>dx.

The derivation of the central limit from the estimates in Theorem 1 is described
in Section 5. (An alternative proof appears in [4, §4]. For g a Holder continuous
potential this result can be found in [1].)

Theorem 3. Assume that Ir > 2, 3C > 0 such that var,(g) < C (n—lr) Fore >0
there exists § > 0 such that almost all x € X% (with respect to (1))

(log N)l/z(log log N)1/2+‘5
No—T—o72 for 2 <r <3,

N—
1 %
N ; f(T'z) — /fdM = o ((log N)3/2(1(nglogN)1/2+‘s) Jorr>3.

Theorem 3 follows by combining part 1 of Theorem 1 and Theorem 16 from [4].

We now give a brief summary of the organization of this paper. In Section 1 we
recall the basic results on equilibrium states and subshifts of finite type. In Section
2 we recall the basic properties of the transfer operator and its relation to p(N).

In Section 3, we prove the corresponding decay results for p(N) in the context of
one-sided subshifts of finite type. In Section 4 we translate these into the statements
in Theorem 1.

In Section 5 we prove the central limit theorem, making essential use of part 1
of Theorem 1.

1. DEFINITIONS

Let A be a k x k irreducible matrix with entries either 0 or 1. We define a
(two-sided) shift space of finite type by

XAZ{J?—( e € H {1,. ,k}:A(a:n,:z:nH):lforneZ}.
This has the Tychonov product topology with sub-basis given by cylinders (of length
n —m) of the form

[Zmy e yzn_1]={x€Xa:z; =z fori=m,... ,n—1}

for n > m. We can define a metric by

_ = (1 —=6(xn,yn)) N 0 ifi#jy,
d(z,y) = n:Z_OO —m where §(i,j) = | ified
and T = (z")n—foov Y= (yn)?zozfoo
The subshift of finite type 0 : X4 — X4 is the homeomorphism defined by
(02)n = Tpt1-
Let g : X4 — R be a continuous function. For each k > 1 we define

varg(g) = sup {|g(z) —g(y)|: x; = y; for [i] <k}.

It is easy to see from the uniform continuity of g that varg(g) is a monotone
decreasing sequence. Moreover, if g is a Holder continuous function satisfying
lg(z) — g(y)| < C(d(x,y))*, for some C > 0, 0 < a < 1, then we have that
varg(g) < C (2&(% 1>)
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More generally, we say that a function g : X4 — R has summable variation if
Yoo varg(g) < +oo.

Definition. We define the pressure P(g) of g by
P(g) =sup {h(u) + /gdy : v is a o-invariant probability }

where h(v) is the entropy of v.

When g has summable variation, there is a unique measure p, called the equi-
librium state of g such that P(g) = h(p) + [gdu. It is easy to see that if
g=9 +tuoo—u+C, for some u € C°(X4) and C > 0, then g and ¢’ have
the same equilibrium state.

2. THE RUELLE-PERRON-FROBENIUS OPERATOR

The key ingredient in the analysis of the correlation function p(n) is the Ruelle-
Perron-Frobenius operator. In this section we recall this approach. We define a
one-sided shift space by

X1 = {x = (z,)25 € H{l,... kY o A(p, xpy1) =1 for n > 0} )
n=0

This has the Tychonov product topology with sub-basis given by cylinders (of length
m) of the form
(205 Zm-1] = {xEXZ cx; =z fori=0,... ,m—l}.

The (one-sided) subshift of finite type o : X4 — X 4 is the local homeomorphism
defined by (ox), = x,+1. We use the same notation as for a two-sided subshift of
finite type, the context allowing the reader to distinguish.

Let g : X4 — R be a continuous function. For each k > 1 we define

varg(g) = sup{|g(z) — g(y)| : v; =y; fori=0,... ,k —1}.
As in the case of the two-sided subshift, the uniform continuity of g ensures that
vary(g) is a monotone decreasing sequence. A function g : X1 — R has summable
variation if Y ;- varg(g) < +oo.

Definition. We define the pressure of g by
P(g) = sup {h(u) + /gdl/ : 1 is a o-invariant probability }

where h(v) is the entropy of v.

The definition of P(g) for both two-sided and one-sided shifts are consistent
under the natural inclusion C(X 1) C C(X4).

When g has summable variation there is unique measure pu, called the equilibrium
state of g, such that P(g) = h(p)+ [ gdp. It is easy to see that if g = ¢’ +uoo—u+C,
for some u € C’O(XX) and C' > 0, then g and ¢’ have the same equilibrium state.

We now come to a central definition.

Definition. We define a Ruelle operator Ly: C(X 1) — C(X}) by
Loh(z) = Z eI W h(y).

oy=x
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A standard approach when g is Holder is to use spectral theory for L, to un-
derstand the convergence of p(N). However, we shall consider a broader class of
functions and use an alternative method.

Proposition 1. (1) If g has summable variation, then there exists h € C°(X})
with h > 0 such that Lyh(z) = eP9h(z).
(2) If we let go(x) = g(x)+log h(x)—log h(ox), then 0 < go < 1 satisfies Lgy1 =1
and Ly p = p.
(3) If Cr(go) = > pe,, vari(go), then vary,(logh) < Cy(go), for n > 0.
This result can be found in [7, Theorem 3.3]. Although the estimate in (3) on

var,, (log h) doesn’t appear explicitly in the statement of the theorem there, it is
shown in the proof that:

(i) there exists a probability measure v on X} such that Ly v = @y (ie.,
[ Lyokdv = [ kdv for all k € C°(X 4)),
(ii) h lies in the space
A={feCX]): v(f)=1.f>0and f(z) < f(y)e™,
T; = Y; fori:l,... ,’I’L}.

Thus the result follows.
Lemma 1. If p is an equilibrium state for gg, then there exists 0 < v < 1 such
that

plo, o Tad]

<
- €96 (z) -

1
~y
where gi (z) = go(z) + go(ox) + ... + go(c™ L) [1].

We let ||f||1 = [ |f|du denote the L'-norm on integrable functions on X7, with
respect to the measure . The next lemma plays an important role in that it relates
p(N) to LY.

Lemma 2. (1) [|Lgk|l1 < ||k||1 for k € CO(XT);
2
(2) p(N) = [ f(Lg fdu— ([ fdp)".
Proof. For the first part, observe that [|Lg k|l1 = [|Lgkldu < [ Lg,|k|du
J |k|dp for any k € C°(X4). For the second part, we have that [ foo™.fdu =

ngg(foaN.f)du:fnggfdu. O

3. CONDITIONAL EXPECTATION

Let o = {[i] : i = 1,...,k} be the partition by I-cylinders and denote a(™ =
\/?:_01 o~*a. The finite sigma algebra o™ consists of n-cylinders. We can write the
conditional expectation of f € L'(X, 1) corresponding to o™ by

o™y — Jo fdp "
(3.1) B(fla) C;ﬁ)(u@)xm

where () is the characteristic function for the cylinder C' (i.e., E(f|a(™) is the
unique function constant on mn-cylinders which integrates to the same value as f
over sets in a(™).
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For n > 0 and m > 0 let N = nm and we shall consider ||L} f||, using the
inequality

(3:2) NN Al < (2 = (L3, 0 BCa™)) ™) fll+ 1l (L5, 0 BC1a™)) " £l

The following lemma gives important properties of E(f|a(™). Henceforth, we
shall assume for simplicity that [ fdpu.

Lemma 3. (i) We can write LZOE(f|a("))(:E) = [ K(z,2)f(z)du(z) with

K@= (%) Yo (2)

Cealm)

where C = [ig,... ,in—1] and zc = (igy... ,in—1,%0,T1,...) (and the sum-
mand is zero if A(in—1,z0) = 1).

(ii) There exists 0 <y < 1 (independent of n) such that K(x,z) > ~.

(iii) [|L2 o E(-|Ja™)||y < (1 —7) for alln > 1.

Proof. Part (i) follows from the definitions. For part (ii) we observe that since p
is an equilibrium state for gg, we have by Lemma 1 that there exists 0 < v < 1

such that plxg,...,2xn-1] < eqo,y Finally, for part (iii) we begin by defining

Qo :={z: f(z) >0} and W = {x: L} o E(fla (") (x) > 0} and observing that

f |2 o B(flat™)(z)|du(x) = =2 [o, Ly, oE (fla™)(x)du(x). We note, using Lemma
3 (i), that for f € Ll(XA, ).

13,0 Bl = [ 185, 0 Bis1) @) dute)
= / L2, 0 E(fla™)(z)dpu(x)

=/Ql</f K(e.2)du) ) dio)
—2/Ql</f zzdu())d )= 2u()7 [ fl@)duto

since [ f(x = 0. Therefore,

125, 0 Bl =2 [ ([ 6 (G.2) =) du) ) (o)

—2 [r([ (K2 =) (o)) du:)
(33) <2 [ 1) ( [ (KG2) =) dute) )t

<2 s ([ Gt - D aute) ) dne)
=2 o, f(2) (=) dp(z),
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where we have used that

[t = 5 ([ rciornn) 353

=3 ([retorin) 55 =
Finally, we can bound

1Lg, © E(fla'™)[l < 2(1 =) f(Z)du(Z)

(1—v /If )dp(2)

= (L=
Corollary 3.1. || (L o E(la™)™ i <@ —y)m

We continue with the estimates needed with the following lemma.

Lemma 4. (i) For alln >0 we have that ||f — E(f|a™)||1 < var,(f).
(i) If varn(f) < +o0, ¥n >0, then

varn (LY, f) < Cn(9)| floo + varng(f), for all 1 >0,
where Cpn(g) = > pe.,, vari(g).

Proof. Part (i) is the easy consequence of the identity (3.1) for E(f|a(™). In
particular, ||f — E(fla™)[|1 < |E(fla™) = flo < vara(f).
Part (ii) is shown in [7, pp. 379-380].

Using Corollary 3.1 we can estimate the second term in (3.2) by
(3.4) (3, 0 EClat™)) ™ £l < (1= 2)" (11l
We can now estimate the first term on the right-hand side of (3.2) by

1Lo s = (L5, 0 B(at™) " = 115" f = (15,0 BE(fla™) ™ Il

|
_

k e o
<3 (Lgo oE(.|a(n))) (L;}0 oE(.|a<n>)_L;}0) )" 1l
k=0
m—1 k
noo (o™ n () m—k—1)n
55 < HH(LQO B(1a™)) iz, Il (1= BCla™)) (LG =+Dmf) |l
m—1
< (1= )M (LY )
k=0
m—1
< (1- 7)k (Cn(g)|f|oo + Varn(m—k)(f))

E
Il

0

using Lemma 3 (ii) and Lemma 4, parts (i) and (ii). We can now take the trivial
bound

,_\

m—

(3.6) (@)1 loo + varnm—r)(f)) = O(Cn(g))
k:O
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since the Holder continuity of f ensures var,(f) = O(6"). (We use the standard
notation g(n) = O(f(n)) if lim »—+00g(n)/f(n) < +00.)
Comparing (3.2) with (3.4) and (3.5) we have that

(3.7) 1250 f1lt = O (max{Cu(g), (1 = 7)™}).

4. DECAY OF CORRELATION FOR ONE-SIDED SHIFTS

In this section we prove the analogue of Theorem 1 for one-sided subshifts. In
Section 5 we shall relate this to two-sided subshifts.

(1) Polynomial decay of variances. If var,(g) = O (<), then

Cn(g) = ivarl(g) =0 (/(:11) z—idm) =0 (nrl_l) .

Given N > 0, we choose n = [N”] and m = [N'=#]. Clearly, n.m < N, but then
using (3.7) we can write

p(N) < || Lg fllx < [ILg," fIx

0

1 N@=8)
1
=0 <Nﬁ(r—1)> :

By taking § sufficiently close to 1 we see that p(N) = O (

1
Nr—1—€

) for any € > 0.

(2) Intermediate decay of variances. If var,(g) = O (#1°¢™"), then we can
estimate

9(10g w)7d$>

Cnig) = var =0 -
(0 =3 vnlo) (/(

n—1)

e T v—e
=0 / (—) glos =)y
( oy \Tog o1
-0 (g(logn)”*) '
Given N > 0, we can choose n = [N'/?] and m = [N'/?]. Thus
p(N) = ||Lg flln < |IL5" fl1
=0 (max {H(IOgN)(%é), (1— ’Y)Nm})

log N)(Y—¢)
— gUog N) ’

for each € > 0.

3) Stretched exponential decay of variances. If valy, =0 9”1/2 N then
1% g
we can estimate

Chlg) = var =0
0 =3 (o) ( /(

oo

n—1)

9””1/2dx> -0 (n1/26‘"1/2) .
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We can choose n = [N2/3] and m = [N'/?]. Thus
p(N) = 0 (07 N3, (1)) = (8™
for any 8 > max{6, (1 —~)}.

Proposition 2. For any € > 0:
(1) If varn(g) = O () (r >2), then p(N) = O (572=).

nr

(2) If var,(g) = O (0%°™)™), then p(N) = O (p(log N)vfe)'
(3) 1 vara(g) = O(0""), then p(N) = 0 (8¥").

Remark. We have assumed for convenience that f : X3 — R is Holder continuous.
If we relax this condition so that var, (f) < C,(g) remains valid, then we see that
(3.6) remains valid, and so does Proposition 2.

5. DECAY OF CORRELATIONS FOR TWO-SIDED SUBSHIFTS

We want to convert the estimate on one-sided subshifts of finite type to two-sided
subshifts of finite type.

Given a function g : X4 — R of bounded variation, we can write g = >.,°
where

(a) gi(z) depends only on the co-ordinates x_y, ... ,z;
(b) |gi]eo < vary(g) for I > 0.

We let ¢’ = 3,2 gi 00!, In particular, ¢’ is a function depending only on co-
ordinates x,, n > 0, and thus interpreted as a function on XZ. Moreover, since we
can write

oo -1 oo -1
e > S EE) B Do) SR I
=0 r=0 =0 r=0

we see that ¢’ and ¢ differ by a coboundary, and thus share the same equilibrium
state (cf. Section 2). Finally, var;(g") < vary,9(g).

If var,(f) = O(8™) for some 0 < # < 1, then we can choose f; depending only
on the co-ordinates x_;, ... ,z; such that |f — fi|cc = O(6").

We can consider fi,, /3 oo~ I"/3] as an element of C(X}). Moreover, this function
is Holder continuous and applying the results from Section 4 we can write

/f[n/B] 00" finssidp = / (f[n/g] o a—[n/S]) oo™ (f[n/B] o 0.—[n/3]) dp
- / £, (i 0 Y (Fujay 0 07 )

- (/ f[n/g]du>2 + O (max {(1 = 7)"Cn(g), (L =7)"}).

We can estimate,

2 2
(5.2) | ( / f[n/stM> - ( / fdu) | < 2floclf = frnssilee = OO™%)
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and
(5 | [ oo Sugmdn = [ £oo"fdul < 00",
The following relates the properties of g and ¢’.
Lemma 5. (i) If var,(g) = O (=), r > 2, then var,(¢') = O (=1).

nr nr—1

(i1) If var,(g) = O (ﬁ(logn)v), then vara(g') = O (ﬁ(logn)’Y).
(iii) If var,(g) = O (9”1/2), then vara(g') = O (9n1/2)

Proof. We can estimate var,(g1) < Z;;O;n var;(g). In case (i) we see that

varn(g1) = O (f 1/zr> —0 (nf_l> .

1=2n

The estimates in cases (ii) and (iii) follow similarly.

From equations (5.1), (5.2) and (5.3) we see that Theorem 1 follows from Propo-
sition 2.

6. CENTRAL LIMIT THEOREMS

In this section we present the proof of Theorem 2. Consider the equilibrium state
u associated with the potential g with summable variation such that var,(g) =
O (). Let f: X4 — R be a Hélder continuous function, then we can consider for
each t > 0 the values

Sn(t)::u{xeXA:M /fdu<tn1/2}

In [3] Gordin gives sufficient conditions for
lim Sp(f) = —— Ly
n_];I_’I_lOO (27T)1/2 . e Z,

which we shall describe below.

Let By be the sigma algebra of sets in X 4 which correspond to the Borel sigma
algebra for X ;. We denote B,, = 0~ "By for n € Z.

If we write H,, = L?(X 4, Bn, 1), then for n > 0 we have that the sigma-algebras
are nested B,, C B,+1 and so H,, C H,4+1. For n > 0 the orthogonal projection
from Hy to H, takes the form E(:|B,,) : Hy — Hp.

Gordin’s condition involves showing that the following series converge:

(6.1) STHNEFB)2 + D1 = E(f1B-n)|l2.
n=0 n=0

We first observe that

> NIB Bl = 3 15,1 oo"||z—Z|| Dl
n=0 =
—||f||m2|| D=0 (Zﬁ%m

n=1

(6.2)
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We can also estimate

63) S W -EGBoa)lz< Y vara(f)=0 (> ni < fo0.
n=0 n=0 n=0

Comparing (6.2) and (6.3) shows that the sum in (6.1) is finite. Applying [3,
Theorem 2] (with § = 0) the result follows.
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